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Discussion of a "coherent artifact" in four-wave mixing experiments 
Hedzer A. Ferwerda,a) Jacob Terpstra,b) and Douwe A. Wiersmab) 
University 0/ Groningen, Groningen, The Netherlands 
(Received 2 March 1989; accepted 4 May 1989) 
In this paper, we discuss the nonlinear optical effects that arise when stochastic light waves, 
with different correlation times, interfere in an absorbing medium. It is shown that four-wave 
mixing signals are generated in several directions that spectrally track the incoming light fields. 
This effect is particularly relevant to transient hole-burning experiments, where one of these 
signals could easily be misinterpreted as a genuine hole-burning feature. 
I. INTRODUCTION 
In the last decade, hole burning has become an extreme-
ly popular technique to probe the optical dynamics of atoms 
or molecules in the gas or condensed phase. 1-10 For a two-
level system interacting with a Markovian bath, the optical 
dynamics is determined by two relaxation constants TI and 
T!. Hereby, TI is a measure of the population relaxation 
time between the upper and lower level and T!, named the 
pure dephasing time constant, is a probe of the phase fluctu-
ations that the transition dipole experiences through interac-
tion with the bath. It can be shown 11 that the resulting Lor-
entzian hole width Vh , (transiently) burned into an 
absorption line profile, is determined by both constants via 
the relation 
V h = 2(1rT2 )-I, 
where 
T 2- 1 = 1I2T I- I + T!-I. 
(1) 
(2) 
This two-level-system model works particularly well for a 
description of optical dephasing in crystalline systems, 12 but 
it is too simple to describe the complicated optical dynamics 
of dyes in solution13 and glasses,14.15 where fluctuations in 
the bath occur at the same time scale as the loss of optical 
coherence. Nonetheless, the model is adequate for a descrip-
tion of the four-wave mixing effect that we are interested in. 
Iffour-wave mixing were to be used as a probe for solution or 
glass dynamics, a more sophisticated dynamical model 
would be needed. 
Many other coherent optical techniques, like photon 
echo,16 photon correlation spectroscopy,17 coherent reso-
nant Rayleigh scattering, 18 and polarization spectroscopyl9 
have been used to study optical dynamics, but none seems so 
easy and straightforward to apply as (transient) hole burn-
ing. 
In most solid-state hole-burning experiments, the time 
delay between the burning and probing pulses is very long 
compared to any of the dynamical constants of the system 
and, therefore, possible interference effects due to the simul-
taneous presence of the pump and probe beams are absent. 
Hole-burning experiments in solution, however, are tradi-
tionally performed under so-called steady-state conditions, 
meaning that the system can reach a quasiequilibrium on the 
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time scale of the duration of the excitation pulses. A typical 
case presents the situation where the sample is excited with 
two time-coincident nanosecond laser pulses: one spectrally 
narrow band, the other broadband. The narrow-band laser 
in such an experiment is used to bum a hole in the optical 
absorption spectrum, which is probed by a time-coincident 
broadband laser. Using this technique, many experiments 
have been performed in the past decade that seemed to estab-
lish the ultrafast (0.1-1 ps) nature of dynamical processes in 
solution. However, at the same time, many conflicting re-
sults concerning the magnitude of the optical dephasing time 
constant on the same or related dyes were reported.2O-24 Re-
cently, femtosecond time-resolved hole-burning experi-
ments on solutions have been performed,25 which unambig-
uously established the ultrafast nature of dynamical 
processes in solution. The results of these ultrafast hole 
burning and other related experiments,18.19 however, also 
question the validity of some earlier conclusions regarding 
the value of the optical dephasing constant in solution. 
While previously picosecond dephasing times also had been 
reported,2O-24 in none of these recent experiments was evi-
dence obtained for the existence in solution of any coherence 
relaxation time longer than tens of femtoseconds. In this 
context, we wish to note that the apparent discrepancy 
between the results obtained from femtosecond time-re-
solved hole-burning25 and photon ech026.27 experiments re-
sults from the fact that the initially prepared state is differ-
ent. In the hole-burning experiment, the initial state is a 
vibronic one, while in the photon echo the initial state is a 
vibronic wave packet, comprised of many vibrationally ex-
cited levels on the excited-state potential energy surface. 
Henceforth, in the photon echo, the initial decay will be due 
to intramolecular dephasing of the superposition state excit-
ed on a time scale corresponding to the frequency width of 
the packet excited. On a longer time scale, one expects to 
observe the dephasing dynamics of the different vibronic lev-
els with a time constant compatible with the one derived 
from the hole-burning experiment. 
This state of affairs intrigued us and made us look into 
this matter. 
In this paper we report the solution to this problem. 
We show that steady-state hole-burning experiments, 
performed with stochastic (or coherent) light sources, ex-
hibit a "stochastic (coherent) artifact" signal that easily 
may be misinterpreted as a genuine hole-burning feature. 
The phrase "coherent artifact" will be used henceforth 
to comply with the tradition of the field to refer to signals as 
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coherent artifacts when they depend on the coherence prop-
erties of the interfering light fields. Coherent artifact signals 
are well-known in picosecond pump-probe experiments28 
when the pump and probe beams originate from the same 
laser. This "artifact" signal manifests itself as an increased 
transmission near zero time delay of the probe with respect 
to the pump beam. This effect can be described as an "elec-
tronic" degenerate four-wave mixing effecf9 combined with 
a contribution from a transient thermal grating.30 
Brito Cruz et aCI recently performed calculations of 
coherent artifact signals that arise in time-resolved hole-
burning experiments using transform-limited femtosecond 
excitation and probe pulses. In order to calculate these arti-
fact signals, Brito Cruz et al. determined the absorptive re-
sponse of the system in the presence of a pump field. This was 
done by taking the imaginary part X" of the susceptibility, 
which itself is proportional to the Fourier transform of the 
third-order polarization. Next to the expected level popula-
tion term, which effects the optical dynamics of the system, 
they found two coherent artifacts. The first one, designated 
the "pump polarization coupling term," only arises when 
pump and probe are simultaneously present and shows a 
time profile that resembles that of the pump pulse. The sec-
ond artifact signal, named the "perturbed free induction de-
cay term," only occurs when the probe pulse precedes the 
pump pulse. It is to be noted that these artifact signals are 
also only present when the pump and probe light fields are 
phase correlated. 
In this paper, we show that in four-wave mixing (also 
hole-burning) experiments performed with phase-uncorre-
lated pump and probe light fields, coherent artifacts are gen-
erated which may dominate the genuine dynamical four-
wave mixing (hole-burning) effect. These artifact signals are 
related to those observed in stochastic photon correlation 
spectroscopy. 17,32,33 
Neporent and Makogoneko,34 in an early attempt to 
reconcile some of the conflicting reports on the hole widths 
in cryptocyanine solutions, were the first to address this 
problem using a dynamic holographic-grating type pic-
ture. 35 It is well-known that interference of two phase-corre-
lated light fields in an absorbing medium leads to a grating35 
from which (self- ) diffraction can be observed. For uncorre-
lated interfering light fields, no grating is formed when the 
average is taken over the excitation time. However, on the 
time scale of the shortest correlation time of the pump and 
probe source, a grating does exist that, during this short 
time, will scatter the pump light into all phase-matched di~ 
rections. While use of this dynamic-grating picture predicts 
the generation of a coherent artifact signal in the direction of 
the probe beam, it does not inform us on the dynamical 
aspects of the optical mixing process. 
In this paper, we show that a four-wave mixing descrip-
tion of transient hole burning leads not only to a hole that 
feflects the system's dynamics, but also to an artifact signal 
whose width is generally dominated by the spectral charac-
teristics of the pump laser. 
The spectral width of these artifact signals was calculat-
ed from the Fourier transform of the third-order polariza-
tion correlation function of the medium, formed by resonant 
excitation with a stochastic pump and probe light field. The 
genuine "hole width" is calculated from X", using the same 
expression for the third-order polarization. In order to gain 
insight into the problem, we have first performed a calcula-
tion under limiting (instantaneous dephasing) conditions. 
This calculation clearly demonstrates the existence of arti-
fact signals in transient hole-burning experiments. Next, we 
have performed a full perturbational computation in the 
same way as Morita and Yajima 17 in their treatment of pho-
ton-correlation spectroscopy with incoherent light. The re-
sults clearly show that the artifact signal is expected to ride 
on top of a (broad) hole that reflects the dynamics of the 
system. In the usual case where the optical dephasing time 
constant is on the order of 100 fs, the resulting hole width of 
about 200 cm -I, however, may be difficult to detect. 
Finally, the time-resolved analog of this stochastic four-
wave mixing effect is also discussed and compared with tran-
sient hole burning. 
Results of steady-state hole-burning experiments on a 
dye solution, demonstrating the existence of these artifact 
signals, are also presented. 
II. FOUR-WAVE MIXING WITH INCOHERENT LIGHT 
FIELDS 
A. Theoretical framework 
In this section, we present the theoretical framework 
used to calculate the four-wave mixing effects that arise 
through interaction of a time-coincident narrow-band dye-
laser (pump) with a broadband dye-laser (probe) in an opti-
cally resonant medium using a hole-burning type geometry 
[Fig. 1 (A)]. The molecules in the medium are assumed not 
to interact with one another. 
The basic equations are derived from the Liouville equa-
tion 
Jp/Jt= - i/I/[J¥" ,p], (3) 
where J¥" is the total Hamiltonian of the molecular system 
and radiation field 
(4) 
Here H m is the unperturbed Hamiltonian (in the absence of 
the electromagnetic field) and Hint is the interaction Hamil-
tonian which reads as follows in the dipole approximation 
Hint (t) = e(r,t) 'jJ" 
where 
e(r,t) = el (r,t) + e2 (r,t) 
(5) 
(6) 
is the total electromagnetic field and jJ, is the dipole operator 
ofthe absorbing molecule. For simplicity, we assume linear-
ly polarized light waves. 
We treat the molecule as a two-level system with the 
ground state designated a and the electronically excited state 




Introducing Pba = Pba exp(i(i)t), where the frequency (i) is 
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FIG. 1. Schematics of a steady state hole-burning experiment using a narrow-band pump and broadband probe laser (A) and its time-resolved analog (B). 
the central frequency of the incident light field 
e(r,t) = E(r,t) exp(imt) + E*(r,t) exp( - imt), (8) 
we obtain thp following iterative solution of the equation of 
motion in the rotating wave approximation (17): 
pf,;)(r,t) = i; f~ 00 dtIE*(r,tl)p~n-I)(r,td 
Xexp[ - (Y2+iam)(t-tl)], (9a) 
p~n)(r,t) = 2ip II dtl [E(r,tl)pf,;-I)(r,t l ) - c.c.] Ii - 00 
X exp ( - Y I (t - t I ) ], (9b ) 
where c.c. denotes complex conjugate and Pd = Pbb - paa' 
Furthermore, am = mo - m is the detuning, mo is the fre-
quency of the transition b-+a, Eb - Ea = limo, and m is the 
frequency of the incident light wave. We have also used the 
following abbreviations: YI = T 1- I, Y2 = T 2- I, where TI 
and T2 are the usual population relaxation and optical de-
phasing constants of a system interacting with a "Marko-
vian" bath. 
As mentioned earlier, solution dynamics cannot be 
properly described in terms of a damping constant T2 13; 
however, this assumption is of no consequence to the conclu-
sions of this paper. 
The iteration in Eq. (9) is started from 
p~o) = p(O) = Paa = 1. For the temporally incoherent burn-
ing and probe light waves, we use the following form for the 
electric fields: 
EI(r,t) = ~1(t-nJ·r/v) exp( -lkl·r), (lOa) 
(lOb) 
Here nj (j = 1,2) is the unit vector of kj' the wavevector of 
the jth light field, and v is the velocity oflight in the material. 
The amplitude functions ~j are stochastic functions which 
are characterized by writing: 
~j(t) = Ej(t)Rj(t) (j= 1,2). (11) 
Here Ej (t) is a normal (deterministic) function and con-
stant on the time scale of observation, while Rj (t) is a com-
plex random function representing a stochastic stationary 
Gaussian process for which the following expressions hold: 
(R!(t)Rj(t+r» =fj(r), (R!(t)Rdt+r» =0, 
forI=I=k, j,k = 1,2, (12a) 
(Rj (t)Rdt + r» = (R !(t)R t(t + r» = 0, j,k = 1,2. 
(12b) 
The symbol ( ) denotes statistical averaging over the ran-
dom variables of the stochastic process. The correlation 
functionsfj (r) for the different light fields are chosen as 
.t;(r} = exp( - Yc\rj}; Yc = 1"c- l , (13) 
where rc denotes the correlation time of the "burning" laser 
1. The "probing" laser 2 is characterized by the correlation 
function 
(14) 
where 1"; is the correlation time oflaser 2. 
Note that in the limit Y; ~ 00, the probe beam's correla-
tion function behaves like 
/;(1") = 28(y;r), (15) 
where 8( r) is the Dirac delta function. 
In Sec. III C, we have used such a delta function for the 
the correlation time of the probe beam. In all other calcula-
tions, the correlation functions for the pump and probe as 
given in Eqs. (13) and (14), respectively, were used. 
B. Spectral characteristics of four-wave mixing signals 
In order to find the spectrum SCm) of the phase-
matched radiation in a hole-burning type experiment, we 
proceed as follows: the fields EI and E2 participate in the 
four-wave mixing process and give rise to a third-order (in 
the electric field) complex polarization P (3) (r,t). This polar-
ization is obtained as follows: the polarization p<3)(r,t) is 
written as 
J. Chem. Phys., Vol. 91, No.6, 15 September 1989 
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p<3)(r,t) = p(3)(r,t) exp(iwt) 
+ p(3)*(r,t) exp( - iwt). (16a) 
On the other hand, p<3)(r,t) is obtained from p by 
p<3)(r,t) = Tr[p~!)Il] = Re[2Ilp~) exp( - iwt)]. (16b) 
Comparing the last two formulas yields 
p(3)(r,t) = IlPb!) * (r,t). (17) 
This time-varying dipole moment gives rise to radiation in 
all phase-matched directions and in the probe direction leads 
to an artifact signal of which we want to determine the spec-
trum. In the probe beam's direction, this polarization also 
works on the field which leads to a frequency-dependent loss 
of the probe beam's energy (known as hole burning), which 
is calculated from31.36 
a(w) a: {Im(E:, (t)P~~)(r,t»}/Ik' (w). (18) 
The angular brackets denote averaging over the stochastic 
properties of the interacting light fields and I k , (w) is the 
incident intensity of the light beam. We will show in Sec. 
III A that the expression for a(w) in the appropriate limit 
leads to the well-known hole-burning result. 
The spectrum of the radiating dipole is determined by 
I 
the Fourier transform of the temporal autocorrelation func-
tion of the polarization 
C( 1') = (p(3)(r,t)P (3)*(r,t + 1'». (19) 
As the ensemble describing the statistical properties of the 
light fields is stationary, C( 1') as given by Eq. (19) does not 
depend on t. 
In the calculation of p(3)(r,t), the linewidth of the tran-
sition b=}a, described by the (inhomogeneous) linewidth 
function g( n) has to be taken into account: 
(20) 
The perturbational expression for p~)(r,t,wo,w), based 
on the Hamiltonian specified by Eqs. (4) - ( 6 ), can be ob-
tained by standard methods l7 or constructed using the dia-
grammatic technique developed by Yee and Gustafson.37.38 
The relevant diagrams for a case of interest to this paper are 
shown in Fig. 2. Note that these diagrams are identical to the 
ones used by Ye and Shen39 in a perturbative description of 
the (stimulated) photon echo. 
The following expression is obtained for p~!)(r,t,wo,w) 
using the iterative scheme in Eqs. (9): 
p~!) (r,t,wo,w) = 2(i1l/~)3p(O)f~ 00 dt l exp[ - (Y2 + iaw)(t - t l )] f~ 00 dt2 exp[ - YI (tl - t2)] f~ 00 dt3E *(tl) 
X [E(t2)E *(t3) exp[ - (Y2 + iaw )(t2 - t3) + E * (t2)E(t3) exp[ - (Y2 - iaw )(t2 - t3)], (21) 
where E(t) is the total electric field in the medium 
E(t) = 'ell (r,t) exp( - iklor) + 'el 2(r,t) exp( - ik2°r), 
where 
(22a) 
'elj(r,t) = 'elj(t-nor/v); j= 1,2. (22b) 
In Eq. (21), we used a shorthand notation: we designated E(r,t) by E(t). As the functions 'elj (t) (j = 1,2) only weakly 
depend on t, we may take nl ~n2~n in the arguments of the 'elj functions. Introducing new integration variables 
t; = tl - nor/v, t; = t2 - nor/v, t i = t3 - nor/v, we find from Eq. (21) 
p~) (r,t,wo,w) = 2(i1l/~)3p(O)f~ 00 dt; f~'oo dt; f~2 00 dt i exp[ - (Y2 + iaw) (t, - t 1) - YI (t; - t;) ]E *(t; ) 
X [E(t; )E*(t i) exp[ - (Y2 + iaw)(t; - t i)] + E*(t; )E(t i) exp[ - (Y2 - iaw)(t; - t i)]], 
(23) 
where t, = t - nor/v is the retarded time. Henceforth, we 
will drop the primes at the integration variables t ;, t;, t 3 
and shall denote t, by t. With this expression for 
p~)(r,t,wo,w), calculation of a(w) in the probe beam's di-
rection is a relatively simple matter. The results are given in 
Sec. III A and are, in the appropriate limits, in agreement 
with the results of earlier calculations.36,40 Calculation of the 
polarization correlation function C( 1'), however, involves 
the computation of a sixfold integral over different time tra-
jectories and a twofold integral over frequency space. These 
types of integrals have earlier been dealt with by Morita and 
Yajima in their classic paper on stochastic four-wave mix-
ing. 17 Our calculations are more tedious because of different 
assumptions concerning the correlation times of the light 
fields involved. In order to gain insight into the physics of the 
generation of the coherent artifact, we have first made the 
calculations in the limit where the transverse damping of the 
system is assumed to be infinitely fast. The results of this 
calculation are presented in Sec. III B. The results of a full 
perturbational calculation are given in Sec. III C. 
c. Time- vs frequency-domain stochastic four-wave 
mixing experiments 
In this section, we wish to examine the time-resolved 
analog of one of these stochastic four-wave mixing experi-
ments. In this "Gedanken" experiment [Fig. 1 (B) ], one of 
the incoming beams (with wave vector k t ) is split, delayed, 
and collinearly recombined with the other beam with wave 
vector k t • This delayed electric field is described by 
J. Chem. Phys .• Vol. 91. No.6. 15 September 1989 
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E f(r,t) = 1f I (t + 1" - D1or/v) exp(iw1") 
X exp( - zk1or) + C.c. (24) 
This superposition light field [E1(r,t) + Ef(r,t)] is then 
combined with the light field having wave vector k2 to excite 
the optical nonlinear medium. Such a three-incoming-beams 
I 
photon-correlation experiment is the Rayleigh analog of the 
Stokes-Raman scattering experiment with incoherent light, 
discussed by Hattori et al.41 The experimental observable 
I( 1") (e.g., in the phase-matched direction 2kl ~ k2) can be 
calculated from the 2kl - k2 component of ,o~)(r,t,wo,w), 
which is given by 
X I~ '" dt2 exp[ YI (tl - t2)] I~ '" dt3[ 1f 2(t2) 1fT*(t3) exp[ - (Y2 + iaw)(t2 - t3)] 
+ 1f T* (t2) 1f 2(t3) exp[ - (Y2 - iaw)(t2 - t3)]' (25) 
where 
1fT(t) = 1f I (t) + 1f I (t + 1") exp(iw1"). (26) 
The corresponding intensity in the direction 2kl - k2 is cal-
culated from 
I( 1") = I:", dO g(O) I: '" dO' g(O') 
X (P(3)(WO + 0),o(3)*(wo + 0'». (27) 





FIG. 2. Double-time Feynman diagrams which describe all resonant single-
color four-wave mixing experiments for the phase-matched direction 
2kt - k2• A similar diagram can be drawn for the other phase-matched di-
rections. 
, 
writing down those variables that are relevant for the math-
ematical operation under consideration. We shall use similar 
shorthand notations henceforth. 
The spectrum, corresponding to I ( 1"), has to be calculat-
ed from the Fourier transform of the correlation function of 
,o~), taking into account the (inhomogeneous) linewidth 
Sew) = I:", dOg(O) I: ",dO' g(O')y(P(3)(t,WO + 0» 
X,o(3)*(t+1",wo +O'», (28) 
where the Fourier transform Y has to be taken with respect 
to the variable 1". 
For future use, we will define the bifrequency correla-
tion function of ,0(3) (t,aw) itself as 
C(1",Wo,O,O') = (p(3)(t,wo + 0),0(3)*(1 + 1",Wo + 0'». 
(29) 
From Eqs. (19) and (29), we find the following expression 
for the line-broadened correlation function: 
C(1") = y-IS(w) = I:", dOg(O) 
X I: ",dO' g(O')C( 1",Wo,O,O'). (30) 
Comparing now Eqs. (27) and (28), it is clear that similar 
calculations have to be performed todetermineS(w) or I( 1") 
and that both contain the variable 1" as a parameter. The two 
quantities S( w) and I( 1"), however, are not simply related by 
a Fourier transformation.42 
III. MODEL CALCULATIONS OF STOCHASTIC FOUR· 
WAVE MIXING 
A. Hole burnIng 
According to Sec. II B [Eq. (18)], we can describe the 
"genuine" hole-burning effect, this is the increased transmis-
sion of the probe beam due to an induced population differ-
ence by the pump beam, by the following expression for the 
absorption coefficient: 
a(wpr ) a: 1m {I: '" dO g(O) (lfr(t,wpr ) 
X,o(3)(k2,t,wo + o,wpu,Wpr »} / I k , (wpr )· 
(31) 
The notation ,0(3) (k2,t,wo + O,Wpu ,wpr ) allows for a differ-
J. Chem. Phys., Vol. 91, No.6, 15 September 1989 
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ence between the central frequencies of the pump and probe 
pulses mpu and mpro respectively. p(3)(k2,t,mo + O,mpu,mpr ) 
is obtained by substituting E(r,t) = El (r,t) + E 2(r,t) 
Xexp[ - i(mpu -mpr)t] in Eq. (23), provided the rotat-
ing wave approximation is taken with respect to the frequen-
cy mpu' p(3) (k2,t,mo + O,mpu,mpr ) is found by extracting the 
k2 component. Using Eq. (12), we find in a straightforward 
way the following expression for a(mpr ): 
a(mpr ) 0:2 J: 00 (r2 + re)/[rl{(r2 + re)2 
+ (mo + 0 -mpu )2} ]Re[ 1/( (r2 + r;) 
+ ;(mo + 0 - mpr » ]g(O)dO. (32) 
Here re and r; are the correlation times of the burning and 
probe laser at the central frequencies mpu and mpr ' respec-
tively. The correlation time of the narrow-band probe laser is 
chosen such that the following relation holds: 
(33) 
Furthermore, the function g( 0) that describes the inhomo-
geneous distribution of absorbing centers is assumed to be 
Gaussian: 
g(O) = exp[ - 02/2(t5m)2]1t5m(21T) 112, (34) 
where the pump beam at mpu is assumed to be tuned to the 
center of the inhomogeneous distribution. When the addi-
tional assumption of a dominant inhomogeneous broaden-
ing is made (r2~t5m), Eq. (32) reduces to the following 
well-known hole-burning expression: 
a(mpr ) o:g(mpu -mo) [1 - 80~r.-· 
X [(2r2 + re + r; )/{(2r2 + re + r;)2 
+ (mpr -mpu )2}]], (35) 
where ORis the Rabi frequency defined as 
OR = (p/21i)IE.I· (36) 
The first factor in expression (35) gives the unsaturated ab-
sorption coefficient, while the second factor yields the Lor-
entzian hole shape with a width (FWHM) equal to 
1T- I(2r2 + re + r;)· In the usual limit where r;&re ~r2' 
we obtain the familiar result that the unsaturated hole width 
is equal to 2 ( 1TT2 ) -I. These results are in agreement with 
those obtained in earlier calculations of the hole-burning ef-
fect, when the appropriate low-field limit is taken.36,40 
In the following sections, we calculate the spectral re-
sponse of the radiating dipole in the probe beam and other 
phase-matched directions. As a full perturbation calculation 
is very cumbersome, we have first made one in the limit 
where optical dephasing is considered an instantaneous pro-
cess. 
B. Coherent artifact In the limit of ultrafast dephaslng 
The limit of ultrafast (instantaneous) dephasing can be 
formulated as 
t5mel~ [~ + (am)2f12, (37) 
where t5mel is the bandwidth of the incident field E(t). This 
allows us to perform the integrations over t} and t2 in Eqs. 
(23) and (25), in which ~rhas to be replaced by ~ I' in the 
asymptotic limit Ir2 + iaml => 00. More specifically, the 
limit of applicability can be specified by repeated partial inte-
gration. 
J~ 00 dtl exp[ - (r2 + iam)(t - t l ) ]E(t}) 
E(t) 1 
= 
r2 + iam r2 + iam 
xJ~ 00 dt. exp{ - (r2 + iam)(t - tl)aE(tI)/atl 
E(t) _ aE(t)/at +.... (38) 
r2+iam (r2+ iam )2 
This series is meaningful if the ratio of two successive terms 




_ aE(t) 1 ~lr2 + iaml· 
E(t) at (39) 
The left-hand side of Eq. (39) is of the order of the band-
width t5mel of the incident field. Therefore, the range of va-
lidity of the asymptotic approximation is given by Eq. (37). 
In this approximation, we find for p~)(r,t,mo,m): 
p~!)(r,t,mo,m) = 2(ip/Ii)3p(0)(r2 + iam)-I 
X{(r2 + iam)-I + (r2 - iam)-I} 
X J~oodt'eXp[ -rl(t-t')] 
XE*(t)E(t')E*(t'). (40) 
As is evident from an inspection ofEq. (40), in the calcula-
tion of either I( r) or C( r,mo,O,O') incorporation of the in-
homogeneous linewidth in this case only leads to an uninter-
esting multiplicative constant. The effect of inhomogeneous 
broadening is therefore not taken into account. 
With this simple expression for p~)(r,t,mo,m), I( r) and 
C( r) can be calculated in a straightforward manner using 
Eqs. (27) and (29), respectively. The details of the calcula-
tion of C( r) for the k2 direction are presented in the Appen-
dix. 
In a concrete steady state hole-burning experiment or 
time-resolved analog thereof on a dye solution, the following 
conditions generally hold: 
r; >Y2>re >r.· (41) 
When these inequalities are taken into account and the limit 
r; => 00 is taken, the following results are obtained for the 
polarization correlation function C(k,r) pertaining to the 
different phase-matched directions 
C(k2,r) 0: [r.- 2 exp( - r; Irl) 
+ 3 exp[ - (rl + re)lrl]], (42a) 
C(2kl - k2,r) 0: (rlr;) -I exp[ - (rl + re) Irl], 
(42b) 
C(2k2 - kl,r) 0: (rlr;)-I exp[ - (rl + r;)lrl]. 
(42c) 
We first note that, although the relation r I ~ r e holds, we 
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have retained in the exponential the YI damping constant. 
This was done to facilitate comparison with the results ob-
tained for 1( 1") to be discussed later. The corresponding 
spectra generated in the different directions are obtained by 
a Fourier transformation of C( 1") with respect to 1". Inspec-
tion of Eqs. (42) shows that the macroscopic radiating di-
pole leads in the probe direction (kz) to two different spec-
tral features. The first one, due to the exp( - Y~ 11"1) func-
tion, can be looked upon as a renormalization of the probe's 
spectrum; the second signal, arising from the second expo-
nential term in C( 1"), exhibits a spectral width (FWHM) of 
1T- I(YI + Ye), and in the usual limit YI <Ye reduces to the 
spectral width of the burning laser. It is this latter signal, 
designated coherent artifact in this paper, which, in a tran-
sient hole-burning experiment, easily can be misinterpreted 
as arising from increased transmission by a hole that reflects 
the system's dynamics. Note that a coherent artifact signal of 
the same width is expected in the 2kl - kz direction. Equa-
tion (42c) shows that in the 2kz - kl direction only a spec-
trally broad four-wave mixing signal is expected. One last 
intriguing point concerns the fact that, although coherent 
artifact signals of equal spectral width are produced in the kz 
and 2kl - kz directions, the intensity in the former direction 
is three times higher. We attribute this to the fact that in the 
kz direction twice as many field permutations are possible 
than in the 2kl - kz direction. We expect these "symmetry" 
relations also to hold in the "finite dephasing" case where 
Eq. (37) no longer holds. 
Turning now to the results obtained from the calcula-
tion of the analog time-domain experiment in the "instanta-
neous dephasing" limit, we obtain for 1( 1") in the 2kl-kz 
direction the following result: 
1(1") ex2/YI + 2/(YI + Ye) + exp( - 2Yll1"/) 
X [1I(2YI + 2Ye) - 1I(2YI - 2Ye)] 
+ exp( - 2Yel1"/) [lIYI + 1I(2YI + 2Ye) 
+ 1I(2YI - 2Ye)]' (43) 
The first thing to note is that 1( 1") ofEq. (43) and the corre-
sponding C( 1") ofEq. (42) are not identical. This, of course, 
results from the loss of phase information in the calculation 
of the intensity 1( 1"). The most noteworthy property of 1( 1") 
is that it contains a component that decays solely with the 
time constant T I • 
In the case where relation (41) holds, 1( 1") reduces to 
1(2kl - kz,1") ex YI- I (2 + exp[ - 2Ye 11"1 p 
+Ye- I(2+exp[ -2Yll1"I]), (44) 
which shows that the TI component of the time-resolved 
signal has a relative intensity versus the "coherence spike" of 
(yl/Ye ). 
The coherence spike itself has a width of 1T- I (2Ye) and 
becomes at most one-third of the total signal around zero 
time delay, as long as Eq. (41) holds. The possibility of mea-
suring TI , using a three-beam-stochastic excitation scheme, 
was earlier established by Morita et al.33 It seems that a sto-
chastic four-wave mixing TI measurement where the excit-
ing beams come from two different lasers, is less ambiguous 
than in the case where all three beams derive from the same 
laser. 
While the "instantaneous dephasing" case shows that in 
a transient hole-burning experiment "artifact" signals are 
generated in the probe beam direction, it does not inform us 
about the effect of the optical dynamics (expressed by Y z) on 
the four-wave mixing signal. This information is lost by 
making the approximation given in Eq. (37). 
In order to bring out this dynamical aspect of the optical 
mixing process, a full perturbational calculation has to be 
made. The results of such a calculation are given in the next 
section. 
c. The effect of finite dephaslng on the coherent 
artifact 
The physically more relevant case takes optical dephas-
ing explicitly into account. In this case, one has to use the full 
expression for pb!) (r,t,mo,m) in order to calculate S(m). The 
calculation now involves a sixfold integral over different 
time trajectories and a double integral over frequency space. 
The former integral has to be averaged over the stochastic 
properties of the light fields, the latter takes into account the 
(assumed) Gaussian distribution of optical oscillator fre-
quencies. Morita and Yajima have shownl7 how such a six-
fold time integral can be handled using the factorization 
method for moments. Our calculation is somewhat more te-
dious than theirs because we assume one of the light fields 
(the pump) to exhibit an exponential time-correlation func· 
tion instead of a {) function. In order to minimize the compu-
tational efforts, we have only calculated the correlation func-
tion C( 1",mo,O,O'), defined in Eq. (29), for the 
phase-matched direction (2kl - kz). A calculation of 
C( 1",mo,O,O') for the phase-matched direction kz would 
quadruple the number of terms. In the calculation we have 
further assumed Eq. (41) to hold and that the optical line 
shape is dominated by the effect of inhomogeneous broaden-
ing. The result of this lengthy calculation can be summarized 
by the following expression for C(2kl - kz,1"): 
C(2kl - kz,1") ex [ k exp( - (Ye + YI) 11"1) 
+ k' exp( - (2YI + Yz + iam) 11"1)]. 
(45) 
Here k and k ' are constants, depending on 0, 0', and Yz, that 
become proportional to 3YI- I and Yi l in the ultrafast-de-
phasing limit [Eq. (39)]. In this limit, Eq. (45) converges to 
Eq. (42b), as expected. We first note that on the basis of the 
earlier found "symmetry" relations· a term with identical 
damping constants is expected for the kz phase-match direc-
tion. 
The most noteworthy difference between this "exact" 
result for C(2kl - kz,1") and its limiting form, given in Eq. 
( 42b), is the appearance of an additional term which expli-
citly depends on the optical damping constant Yz. In order to 
calculate the spectral output S(2kl - k z) corresponding to 
C( 2k I - kz, 1"), this correlation function has to be integrated 
over the inhomogeneous distribution of absorbing molecules 
as indicated by Eq. (28). As far as the first term in Eq. (45) 
is concerned, this leads to an uninteresting multiplicative 
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factor depending on the ratio Y2/~(j). The damping of the 
second term in this equation, however, depends explicitly, on 
the detuning with respect to the line center and hence inte-
gration over the inhomogeneous distribution of absorbing 
molecules is important. 
When the homogeneous case is examined (T2 < ~(j) -I), 
it can be easily seen that the four-wave mixing output in the 
direction 2kl - k2 (also k2) consists of a component of 
width (Ye + YI)l1r riding on a broad pedestal of width 
(2YI + Y2)l1r. In the case of strong inhomogeneity 
( T2 > ~(j) - I ), the calculation is more complex and has not 
been performed. It is clear, however, that also in this case the 
artifact hole-burning signal has two components: one that 
reflects mainly the spectral characteristics of the "burning" 
laser, the other carrying information on the system's dynam-
ics. We note that in addition to these artifact signals from the 
radiating macroscopic dipole, the true hole-burning effect 
produces a hole of width 2(Y2I1r) as shown in Sec. III A. 
Next to a four-wave mixing signal arising from the elec-
tronic dynamics of the dye molecules, one expects also a 
contribution from the solvent, especially from thermal grat-
ing scattering caused by relaxation of heat into the medi-
um.30,43 The relative intensity of these contributions obvi-
ously depends on how much of the absorbed energy is 
released into the medium.30 It is to be noted, however, that 
the dynamics of a thermal grating occurs on a much slower 
time scale than the molecular dynamics. This thermal grat-
ing contribution to the four-wave mixing signal also vanishes 
for perpendicular polarization of the interfering light fields. 
The artifact signal launched in the probe direction thus 
consists of two contributions: one created by the optical non-
linearity of the molecules, the other generated by self-dif-
fraction off a grating which is formed by a radiationless re-
laxation process. 
IV. RESULTS 
In this section, we report results of degenerate four-
wave mixing experiments using light waves with different 
correlation times. The light waves were produced by two dye 
lasers pumped by the same nitrogen laser. One of these dye 
lasers was made narrow band by insertion of an etalon 
(bandwidth 0.05 cm -I), the other one was operated "broad-
band" at a bandwidth of 0.73 cm- I. Both lasers were tuned 
to the peak at 579 nm of the absorption spectrum ofstyryl-9 
in an alcoholic solution. The optical density at the absorp-
tion maximum was 0.7. The exciting laser beams were fo-
cussed by a 20 cm focal length lens to a spot of - 200 p,m. 
The geometry of the experiments was chosen as depicted in 
Fig. 1 (A). Spectral bandwidth measurements were made 
using a Spex 1704 monochromator with a resolution of 0.20 
cm -I. All light signals were detected using an EMI 9816 QB 
photomultiplier and processed with a PAR model 162 box-
car averager. Figure 3 shows the output of both lasers using 
this detection scheme. As expected, the narrow-band laser's 
linewidth is determined by the resolution of the spectrom-
eter, but by deconvolution is calculated to be less than 0.1 
cm- I. Figure 4 shows the four-wave mixing signals at (i) 
2k2 - kl and (ii) 2kl - k2 for parallel polarization of the 
















FIG. 3. Spectral content of the pump (right) and probe (left) lasers as mea-
sured with a monochromator with a spectral resolution of 0.2 em-I. Note 
that the spectral width of the pump laser, by deconvolution, was calculated 
to be less than 0.1 em - I. 
signals (ii) is spectrally narrow like the pump (bandwidth 
less than 0.1 cm- I). The other (i) is spectrally broad, al-
though slightly narrower than the probe itself. When the 
pump and probe beams are orthogonally polarized, the four-
wave mixing signals are about a factor of 10 less intense, but 
show the same spectral characteristics, except for the fact 




















FIG. 4. Four-wave mixing signals observed in the 2kl - k2 (ii) and 
2k2 - kl (i) directions as measured with a monochromator with spectral 
resolution of 0.2 em -I. Note that the signal in the 2kl - k (ii) direction is 
by deconvolution, calculation to be less than 0.1 em - I. 2 , 
J. Chem. Phys., Vol. 91, No.6, 15 September 1989 
3304 Ferwerda, Terpstra, and Wiersma: Artifact in four-wave mixing 
the same width as the probe laser. The gross features of our 
observations are in agreement with the theoretical predic-
tions of Sec. II. The narrowing of the artifact signal on the 
probe-beam side, however, is not predicted by the present 
four-wave mixing theory. We attribute this effect to the con-
tribution of thermal grating scattering. As the frequency de-
pendence of thermal grating scattering generally is different 
(often much larger43 ) from that of four-wave mixing, the 
artifact signal due to both effects may become spectrally nar-
rower. Support for this interpretation comes from the fact 
that for orthogonal polarizations, the artifact signal has the 
same width as the probe laser. Due to the limited resolution 
of our monochromator we have not been able to check 
whether the same effect occurs on the pump-beam side. The 
most important observation in the context of the present 
paper is the observation that the signal on the pump-beam 
side [(ii) in Fig. 4] spectrally mimics the pump beam. Once 
more we note that a signal of the same spectral width will be 
generated in the direction of the probe beam. It is this latter 
signal, which shows up as an increased transmission at the 
pump laser's frequency, that can be misinterpreted as a hole-
burning effect. 
V_ CONCLUSIONS 
In transient hole-burning experiments, coherent arti-
facts are generated through stochastic four-wave mixing ef-
fects. Although these artifact signals carry information on 
the optical dynamics of the system, in the case of ultrafast 
dynamics (as in solutions) they will generally spectrally 
track the pump or probe beam, depending on the phase-
matching condition. Henceforth, with a spectrally narrow 
pump and broadband probe beam, the four-wave mixing 
output in the probe direction can be easily mistaken as an 
increased transmission due to hole burning. Consequently, 
great care needs to be taken in the interpretation of transient 
hole-burning measurements and more generally of all dual-
color pump-probe experiments on condensed phase sys-
tems. 
Finally, it is emphasized that these coherent artifact sig-
nals persist in case the solution dynamics is treated more 
realistically·3 and the complicated vibronic level structure of 
dye molecules is taken into account.25- 27 The mathematical 
framework to deal with this problem, however, will become 
quite complicated and no new insight will be obtained. 
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APPENDIX: CALCULATION OF THE CORRELATION 
FUNCTION C(1')=(P~.Ht,IDo+O)P~·(t+1',(J)o+O'» IN 
EQ. (29) 
We shall present the caiculation for the k2 component, 
i.e., the component in the direction of the probe, starting 
from Eq. (31). For the electric field E(t), we substitute 
E( t) = E. (t) + E2 (t). Working out the triple product in 
the integrand of Eq. (31), we have to select the k2 compo-
nent. The dominating contribution is due from the combina-
tion k2 = k2 + k. - k •. In this way, we find from Eq. (31), 
apart from an uninteresting multiplicative constant factor 
which contains wo, n, and n': 
p~:J (k2 ) = exp( - ik2'r) f~ 00 dt' 
X exp [ - y. (t - t ') ] ff. (t , ) 
X [ff!(t)ffT(t') + ff!(t')ffT(t)], (AI) 
wherep~!l is the reduced matrix element, i.e., with the omis-
sion ofthe uninteresting constant multiplicative factor. The 
correlation function is given by 
C(k2,1') = f~ 00 dt J~+ooTdS' exp[ - y. (t - t' + t + l' - s')] 
X < ff. (t') [ff!(t) ffT(t') + ff!(t') ffT(t>] 
X ffT(s')[ ff 2(t + 1')ff. (s') 
+ ff 2(s') ff. (t + 1') D. (A2) 
Working out the angular brackets ( ... ) yields four terms 
which can all be treated in the same way. We will consider 
only two such terms, the other two can be dealt with in a 
similar way. The first term (I) is 
1= (ff. (t') ff!(t) ffT (t') ffT(s') ff 2(t + 1') ffT (s'» 
= (ff!(t) ff 2(t + 1'» (ff. (t') ff1(t') ff1(s') ff. (s'» 
= IE2 (tWIE. (tWexp( - y; 11'1) 
X (1 + exp[ - 2Yelt' -s'I]], (A3) 
where the stationary Gaussian statistics specified in Eq. 
( 14) have been used. We first consider the integral due to the 
first term between the brackets in Eq. (AI) 
f l fl+T _ 00 dt' _ 00 ds' exp[ - y. (t - t' + t + l' - s')] = Y.- 2 
(A4) 
as follows by repeated integration. 
The remaining term in Eq. (AI) leads to the integral 
(AS) 
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where we assumed that r> O. The integrals can be calculated 
straightforwardly. In this way, we find for the contribution 
of the term under consideration 
C1 (r) = exp [ - Y; Irl] 
X [_1 + exp( -Y1Irl)( 1 _ 1 ) 
rl 2Yl Yl + 2Ye Yl - 2Ye 
+ exp(-2Yel r l) ]. (A6) 
(Yl - 2Ye )(Yl + 2Ye) 
UsingEq. (41), Eq. (A6) reduces to 
C1 (r) = Yl- 2 exp( - Y; Irl>. (A7) 
This term can be looked upon as the renormalization of the 
correlation function of the probe field (laser 2). Another 
combination (II) occurring in Eq. (A2) is more interesting 
in the sense that it produces a coherent artifact 
II = <~ 1 (t') ~!(t) ~T(t') ~T(s') ~ 2(S') ~ 1 (t + r» 
= exp[ - Y; It - s'l][ exp[ - Ye (t + r - s')] 
+exp[ -Yelt-s'l]exp[ -Ye(t+r-t')]]. 
(AS) 
For the first terms between the brackets, the integration in-
terval of s' has to be split into the intervals ( - 00 ,t) and 
(t,t + r). For the second term between the brackets, the in-
tegration interval for s' should be divided into the intervals 
( - 00 ,t '), (t' ,t) and (t,t + r). After a tedious but straight-
forward calculation, we find taking into account Eq. (41) 
Cn(r) = 2(YIy;)-1 exp[ - (Yl + Ye)lrl] 
- (YIy;)-lexp[ -Y;lrl]. (A9) 
The remaining terms III and IV yield to the correlation func-
tions 
Cm(r) = + (YIy;)-lexp[ -y;lrl], (AW) 
C1V(r) = (YIy;)-lexp[ - (Yl +Ye)lrl]. (All) 
The sum of the four terms leads to the result given in Eq. 
(42a). 
The calculations can be restricted to the case r> 0 be-
cause of the symmetry relation C(k2,r) = [C(k2, - r)] * 
valid for autocorrelation functions. 
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